Let now 21 be a limited point aggregate in two dimensions. Let 23 be the projection of 21 on the X axis and through each point x of 23 let an ordinate be erected.
Each ordinate cuts a section 6ix) out of 21. When no confusion can arise I denote this section simply by 6. It is convenient to use the notation 2Í = 23 • ©.
For the definition of the upper content of a set of points see Lectures, vol It is evident that / may be defined at the points of 31 and yet the integral in (2) may not be defined at some or at any of the points of S3. In this paper I shall restrict myself to the consideration of functions such that the integral in (2) shall exist and be finite, although not necessarily limited, except possibly at the points of a discrete set, at which points we may assign an arbitrary value to this integral without affecting the value of the iterated integral (see Lectures vol. II, § 60).
In what follows if an upper integral, a lower integral, or an integral is said to exist or to converge, I mean that it exists and is finite unless otherwise stated.
Let us suppose that the integral in (2) Let b be that partial set of 33 such that the integral in (2) converges uniformly in 33 -b and converges for each x in b except possibly at the points of a discrete set. Let b^^ be those points of b at which relation (2) holds. If bpo. is discrete for each p^O, cr^O, and in addition 33,,,, = 33 for each P^Po, (T^fo, po, co sufficiently large, we say that the integral in (2) converges regularly in 33 . If b^, is discrete and 33,,,, < 33 for each p ^ 0, a ^ 0, we say that the integral in (2) converges semi-regularly in 33 . If the integral in (2) converges regularly, or semi-regularly, in 33, it follows at once, from Lectures, vol. II, § 360 , that the set b is of measure zero.
Similar definitions may be given using lower integrals or integrals. § 2. Improper Integrals. Since the upper integral of/ over S converges semi-regularly in 33, we have relation (3) and hence equation (4). Since /k 0, the inequality (5) is true.
The limit of this with (4) gives the corollary.
In connection with relation (4) it is well to notice that if the upper integral of / over S converges regularly in 33, we may disregard the set b, of measure zero, in computing That the inequality sign is necessary in (1) It is convenient to introduce an auxiliary function <baß defined as follows: <t>aß shall be equal to / at the points of 3Ia/3 and equal to zero at the points of Kß. We see that the fundamental relation breaks down. However // «A do not converge either uniformly or regularly in 33. Theorem 7. Let f be of one sign or zero and defined over 31 = 33 • S which
